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Part
1INTRODUCTION

TO QUANTUM METROLOGY

CLASSICAL PARAMETER ESTIMATION

CRAMER RAO BOUND

QUANTUM PARAMETER ESTIMATION
























































































QUANTUM
METROLOGYQuantum

Measurement ProbabilityDistributionQuantumstate

pleftxarightrhothetaleftMkrightx

pleftxtheta1rightPleftKO2rightx
PAPOUM
Mxgeq0 sum_xMxfracpiDensity matrix

rhothetageq0 1 Trleftrhothetaright1 32x1

pleftx0rightTrleftrhooMxright
D1 N S theta2
























































































MEAN SQUARE ERROR

Estimator hatthetaleftxrightXstheta
Domain of leftxright Domain of theta

hatthetaleftx1ldotsxNright cdotXN Theta

Unbiased Estimator

Elefthatthetarighttheta
Mean Square Error MSE

VthetaExleftlefthatthetathetaright2right

True value of Theta

Characterizes estimation precision
























































































CRAMER RAO BOUND

Lower bound on MSE Vthetageq

N number of samples

F classical Fisher information FI

Fsum_xpleftxthetarightleftbeginmatrixpartialpleftxthetarightpartialthetaendmatrixright2
FI can be interpreted as the second order derivative of FIDELITY

Fidelity fleftp0pthetadthetarightsum_xdpleftxthetarightpleftxthetadthetaright

1

N F pleftxthetarightPA
pleftxthetadthetaright

x32x1

VS thetadthetatheta

Taylor Expansion 1leftdthetaright28sum_xpleftpartialthetaPleftxthetarightright2Oleftdtheta3right1fracleftdthetaright28cdotFOleftdtheta3right
























































































PROOF OF CRAMER RAO BOUND

Unbiased
EstimatorTrue

value of ThetaElefthatthetarighttheta

sum_xpleftxthetarighthatthetaleftxrighttheta
sum_xpleftx0right1

sum_xpartialthetaPleftxthetarightlambdaPleftxthetarightcdotdpleftxthetarightlefthatthetaleftxrightthetaright1
Cauchy Schwarz

sum_xpartialthetapleftxthetarighthatthetaleftxright1Derivative

sum_xpartialthetapleftxthetaright0

sum_xleftpartialoPleftxthetarightright2timessum_xPleftxthetarighthatthetaleftxright02geq1
FItimesVgeq1
























































































ATTAINABILITY OF CR BOUND
frac1

Locally unbiased estimator at thetatheta0 DeltaU1
theta

theta0

hatTheta

1 a leftxtheta0righttheta01Flefto0right beginmatrixpartialoPleftxo0rightthetatheta0Pleftxa0rightendmatrix

Satisfying ExlefthatO2cdoturight0o0o0 and Vchatthetal U thetatheta0beginmatrix1Flefttheta0rightendmatrix
fracpartialpartialthetaExlefthatthetacuright CR bound0001

locally unbiasedness condition
























































































ATTAINABILITY OF CR BOUND

Maximally likelihood estimation

hattheta
MLE a rgm

theta

ax fleftx1x2ldotsxNthetaright
Under certain regularity conditions

sqrtNhattheta MLE thetad Normal left0Fleftthetaright1right

uparrowp O
Lambda

MLE

OMLEVar

ÑFiO

theta
























































































QUANTUM FISHER INFORMATION

Classical FI

Fleftleftpleftxthetarightrightrightsum_xpleftxthetarightleftbeginmatrixpartialpleftxthetarightpartialthetaendmatrixright2pleftxthetarightTrleftrho0Mxright
Exleftleft2alogpleftxthetarightright2right

logarithmic
derivativeExpectationsymmetric SLD

logarithmic
derivative

Quantum F I OFI

Fleftrho0right3
m

M

ax

x
FleftpleftxarightrightTrrhooleftaright
Expectation
























































































QUANTUM FISHER INFORMATION

partialtheta log beginmatrixPleftxarightpartialopleftxarightPleftxarightendmatrix

frac12leftLorhoorhooLoright so po Ltheta

HermitianSLD
QF I can be interpreted as the second order derivative of FIDELITY

Fidelity fleftrho0rhovdthetarightTvleftsqrtrhovrho0dosqrtrhooright
Taylor Expansion 1leftdthetaright28FleftrhothetarightOleftdtheta3right

0 II
























































































PROPERTIES OF QFI FI

Fleftleftrholeftldots0rightrightrightFleftrho0right rhothetasum_xpleftxthetarightleftxleftxrightright
QFIFI

Additivity FleftrhoaotimessigmaarightFleftrhoarightFleftsigmaaright
RightarrowFleftrhoootimesnrightnFleftrhooright

Monotonicity Fleftvarepsilonleftrho0rightrightleqFleftrho0right
any parameter independent quantum

channel

Convexity Fleftp1p0p2sigma0right

leqp1Fleftrhothetarightp2Fleftsigma0right
























































































QUANTUM FISHER INFORMATION

Pure state QFI Calculation

rhotheta140x401 r Lo2leftleftpartialopsiaranglepsiorightleftpsioranglepartialvpsiarightright

Verify frac12leftLurho0rho0Lthetarightleftpartialu40rightrangle4thetaleft4arightrangleleftpartialthetapsi0right
SLD left4ax4arightleftleftlangle4apartialo4arightrangleleftlanglepartialapsiapsiarightrangleright

partialoleftleftlangleo4arightranglerightpartialo101partialtheta4x4114xpartialtheta41partialthetaleft14x41right

Fleft4arightTrleftpoL2oright4411204x41204x411004x414xpartial041
left4right120414left204114right12041204left4114right

4leftleftlangle41204x41204rightrangleleft41204xleft20414rightleftlanglepartial0414xpartialtheta414rightrangleleftlanglepartial041partial04rightranglerightright4leftleftlanglepartialv4partialu4rightrangleleftlangleypartialo4xpartialv44rightrangleright
























































































QUANTUM FISHER INFORMATION

Mixed state QFI calculation

rhothetasum_ilambdaipsiiranglepsii 1

functions of theta

254k dopolves

leftbeginmatrixlambda1lambda2ddotslambdadendmatrixright
xp Lily 1

lambdaklambdal
when lambdaklambdal0

otherwise0

Fleftrho0rightTrleftrhovL02right2sum_lambdaklambdal0leftlanglexkpartial0rhovylrightrangle2
























































































SUMMARY OF PART 1

Setting of quantum metrology

CR Bound

Fisher Information

Quantum Fisher Information
























































































PART
2HEISENBERG

LIMIT

VS STANDARD QUANTUM LIMIT

QUANTIM CHANNEL ESTIMATION

NOISELESS SCENARIO PHASE ESTIMATION

NOISY SCENARIO PHASE ESTIMATION
























































































QUANTUM CHANNEL ESTIMATION

n7
Eo1 varepsilonavarepsilon0

c1 I backslash rho0PoEo

EoParallel2PoPo:SequentialHeisenberg Limit Fleftrhothetarightsimn2
HLoptimalñ
Standard Quantum Limit Fleftp0rightsimn
SQL achievable with product state
























































































PHASE ESTIMATION

u0 U0expleftiZ0right z Pauli z

leftbeginmatrix1001endmatrixright

Single qubit case

left0rangleright1rangle

11 uaeileft0rightrangleei0left1rightrangle 40sqrt2

0rangle I 113 0pmleftright
leftMpmright sqrt2 sqrt2

pleftpmthetarightTrleftMpmpsithetarightcos2theta or sin7theta
























































































PHASE ESTIMATION

II Calculation

Fleftpleftpmrightthetarightleftpartialthetacos2thetaright2leftpartialthetasin2thetaright24leftsin2thetacos2thetaright4
QFI calculation

Fleft20right4leftleftlangle2041204rightrangleleftlangle41204x20414rightrangleright

4left10right4

leftMpmright is optimal
























































































PARALLELPHASEESTIMATION

M qubit GHZstateNo1
long range entanglement

otimesn

40ranglefrac1sqrt2leftleft0ldots0rangleleftldotsrightu0rightranglerightNo2PoPo
psi0ranglefrac1sqrt2lefteithetacdotn10ldots0rangleeithetacdotnldots1rangleright

noñ QFIleft4aright4n2simHL
























































































PARALLELPHASEESTIMATION

in qubit product state

psi0ranglerangle
U

u0otimesnlefteitheta10rangleeitheta1ranglerighttimesn
Using additivity of QFI

QFIleft4aright4xsimSQL

u01 It

uO2t

Po:ñ

rangle n0
























































































SEQUENTIALPHASEESTIMATION

n1
ldotsu0 U0 rho0rho0

Input state rangleleft0111ranglerightsqrt2

Output State psi0ranglelefteinthetaleft0righteinthetaleft1rightranglerightsqrt2
Fleft40right4n2simHL

No control needed
























































































SEQUENTIALPHASEESTIMATION

otimesn

rho0U0leftMpmright measure n times

Input state rangleleft0111ranglerightsqrt2

Output State psi0ranglelefteithetaleft0righteithetaleft1rightranglerightsqrt2
Repeat n times

Total FI ntimesFleftpsi0right4nsimSQL
























































































UNITARY ESTIMATION

Uo exp it 0 H Hermitian operator
Hamiltonian

Parallel

optimal input state frac1sqrt2leftleftlambdaminrightlambdaright
x

at

QFIlambda max lambdamin 2n2simHL
OPTIMAL

Sequential

optimal input state frac1sqrt2lambdamin ranglelambda max same QFI

To achieve HL long range entanglement or long time

coherenceT
























































































NOISY PHASE

ESTIMATIONnoise

channelD:NoD1Pauli X leftbeginmatrix0110endmatrixright
No2D

po Bit flip noise t p C 1s XleftcdotrightXPo

Dephasing noise 1p
i supsetZleftcdotrightZ

Depolarizing noise 1p i pleft12rightDnoñ

left1frac34prightleftcdotrightfracp4timesleftcdotrightxfracp4y1cdotyfracp4zleftcdotrightz
I mixture of xyz
























































































NOISY PHASE ESTIMATIONPARALLEL

n qubit GHZ state Bit flip noise

frac12left10otimesnleft1otimesnrightuthetatimesnfrac12lefteintheta10timesneintheta11otimesnrightright
103111

u0 D1

u02 D
0pmleftright

leftMpmrightsqrt2rho0p0
sqrt2

Measure parity even if product is 1

p1 even cos2ntheta

p1 odd sin2nthetaDn0ñ

leftMpmright outcome invariant under bit flip
RightarrowQFI4n2 the same as noiseless case

slight decrease in QFI

if D acts before No
























































































NOISY PHASE ESTIMATIONPARALLEL

n qubit GHZ state Dephasing noise

frac12left10otimesnleft1otimesnrightuthetaotimesnfrac12lefteintheta10otimesneintheta11otimesnrightright
u0 D1

u02

DDotimesnfrac121left12prightnei2nthetaleft12prightnei2ntheta1rho0rho0

two level

zszs1otimeszs2ldotsotimesZsnleftoverrightarrow0rangleleft1rightleftsrightoverrightarrow1right
n0 Dhslash

1overrightharpoon0rangle1overrightharpoon1

exponential decayQFI4n2left12pright2n
























































































NOISY PHASE ESTIMATIONPARALLEL

n qubitproduct state Dephasing noise
u01rangle

itheta

frac12left0rangleranglerightUtheta1sqrt2lefteitheta0ranglee1ranglerightDfrac121left12prightei2thetaleft12prightei2theta1

u02rangle

rho0

QFI4nleft12pright2simSQL
1etarangle n0 QFI leftrightotimesn

1p
Mlp

leftGHZright
x




























































NOISY PHASE ESTIMATION SEQUENTIAL

n1
ldots U0u0 D rho0rho

Bit flip noise calculate QFI at theta0 hatZ

Bit flipInput state rangleleft0111ranglerightsqrt2 0
derive

1 2prangle

state

Output state Bloch Representation
x2

D Dleft100right

partialthetaUthetaleft010rightDleft012p0rightrightarrowldotsDleft0left12prightn0right
left100rightderivative

Wv T O
left100right

QFI 4leftleft12prightldotsleft12prightnright2 approaching a constant



NOISY PHASE ESTIMATIONSEQUENTIAL

nBit flip
DrightarrowleftMpmright measure n timesrangleU0

5QLldotsleftMpmrightk

0 FI 4left12pright2n
NR Bit flip
measure n k times

K is optimal at nicefrac06p
beginmatrixrangleendmatrix

u0

SQLQFI approx08np



NOISY PHASE

ESTIMATIONSEQUENTIALn1I
dou0 DPoPo

Dephasing noise

Input state rangleleft0111ranglerightsqrt2

left12prightne2intheta
Output State rhoOfrac12

beginmatrix1endmatrix

left12prightne2intheta beginmatrix1endmatrix

delays exponentiallyQFI4n2left12pright2n



NOISY PHASE ESTIMATIONSEQUENTIAL

nDephasing
measure n timesDrightarrowleftMpmrightrangleU0

5QLldotsleftMpmrightk

0 FI 4left12pright2n
NR Dephasing
measure n k times

K is optimal at nicefrac025p
beginmatrixrangleendmatrix

u0

SQLQFI 037np



NOISY PHASE ESTIMATION SEQUENTIAL

input state It with noise

SQLDEPHASINGSQLBIT

FLIPAQFIA QFImeas atoptimal time

simnp
meas atoptimal time

upun meas every step
1p2

no mid circuit

meas.unmeas every stepno mid circuit meas

n

0

1pp OO n



SUMMARY OF PART 2

Definitions of HL SQL Parallel Sequential

Phase estimation Achieving the HL GHZ state

Quantum Noise Bit flip Dephasing noises

Noisy phase estimation Achieving the HL in parallel strategy

In most cases.FI follows the SQL



Part

INTRODUCTION TO QUANTUM ERROR CORRECTION

QUANTUM NOISE

QUANTUM ERROR CORRECTION CONDITIONS

Repetition code

Examples:Show

CodeSurface
code



QUANTUM NOISE

Dleftprightsum_ikileftcdotrightki Ki Krans operators

sit sum_ikiki1
CPTP map TrleftDleftprightrightTrleftfright

leftDotimesArightleftprightgeq0 if pgeq0

K noise operators
profline indises of different types of noise

Kraus representation is not unique leftbeginmatrixk1vdotsvdotsvendmatrixrightuleftbeginmatrixk1vdotskvendmatrixright
uuDeltav



QUANTUM NOISE

K0sqrt1pIk1sqrtpZDephasing

kcdotsqrt1ppik1sqrtpX
Bit flip

Depolariting 1

K0lambda13P4k1sqrtp4k1sqrtp4k3sqrtp4
Y
Z



QUANTUM ERROR CORRECTION CONDITION

QUESTION p is the projector out code subspace

logical space
Under what conditions existsR decoding channel

RcircDleftprightp for any pPpP is in the codesubspaceperfectrecovery

ANSWER The necessary sufficient condition

P kappaikjPalphaijP1forall i j some alphaijinmathbbC

Knill Laflamme condition



QUANTUM ERROR CORRECTION CONDITION

INTUITION:Kille
1k MyK llc

1431441c

l714LNOISE Kilde l
KzDc

Kalle

RECOVERY142144l
0crangle l

Kelli

leftlangle0Kkcrightrangle0 torthogonal
PKkPproptoP

leftlangle0KkOcrightrangle1Kk same scale



QUANTUM ERROR CORRECTION CONDITION

SUFFICIENCY

PKiKjPalphaijP1forallij some alphaijinmathbbC

alphaulambdaut U is unitary
lambda is diagonal

overrightarrowFuToverrightarrowk is another Kraus representation P FiFjPlambdaijdeltaijP

FkPsqrtxkukP for some UR using polar desomposition

PRURPUR I Rleftcdotrightsum_nUkPkleftcdotrightranglePkUk Detection supsetk

Correction UkSatisfiesRcircDleftprightp for PpPp



QUANTUM ERROR CORRECTION CONDITION

NECESSITY

RcdotPleftPpprightppPforallp
1 Rj K i P3 and leftPright are Krous operation of the same map

RjKiPciiP for some cji

rrbracket

pkappaikjPpkappaileftsumkRkRkrightkjPsum_kckickjPalphaijP



STABILIZER CODE

n qubit Pauli group left1XYZrightotimesntimesleftpm1pmiright
Stabilizer group zeta subgroup of Pauligroup satisfying
11 leftSiSjright0 2 1notinS

Stabilizer generators Jleftlangleg1g2ldotsgnkrightrangle kgeq1

Logical space 9143 514 leftxrightforallsinS contains logicalqubits

Pprod_i1nk21gi2nksum_sinSS
sanity check SPfrac12nhsum_sinSsSfrac12nhsum_ssinSsSP

S is agroup



STABILIZER CODE

Consider Pauli noise Dleftcdotrightsum_ikileftlanglecdotrightrangleki
where each Ki is proportional to a Paul operator Ei

QEC londition PEiE j PproptoP

Situation 1 Eic anti commutes with some stabilizer g

PGiEjgpPgEiEjp I gPPgP
pGiGjppEiTGjpRightarrowpGiTEjp0

Situation 2 EiTE j propto a stabilizer PEioverlineGjpproptop
Situation 3 EiEj commuteswith all stabilizers but is not proportional to one

If P EiTEjPalphaP then EioverlineGjpsiLranglealphapsiLrangle for all 14L EFE mustbe a stabilizer Contradiction

EiEj is called LOGICAL operators
in situation 3



STABILIZER CODE
z2z3
in a

Example Repetition Code

Stabilizers z1z2z1z s Zn1Zn Zizi's
codewords 100ldots0 11 1

Errors xt1ldotsotimesxtn11leqldotsleftlfloor1n1geq2rightrfloor
E1xtE2xs1oplusSleq2leftlfloorleftn1right2rightrfloorn

Zn1Znz1z2

why
E11E2 anticommutes with zizj it tus j tus

E1Z1E21 E1E2Z1 Commutes with 5 but is not inside

Logical Operator ZLZiXcX1X2ldotsXn
Decoding Majority voting

X



2 z2
STABILIZER CODE 32 x1x2x3x4x5x6l

z2z36S4

Example Shor code

Stabilizers z1z2z2z3 z4z5z5z6z7z8z8z9
x1x2x3x4x5x6x4x5x6x7x8x9

9x4x5x6x7x8x987

z8z9

Codewords beginmatrix1000pm111sqrt2endmatrixotimes3left1RRRrightleft1RRRright
Errors Single qubit Errors

why x noise corrected by Z stabs

Z noise connected by X

stabs.Logicaloperation z2x1x2x7xx1x6x7x8x9
x2z1z4z7



STABILIZER CODE

Example Thin Surface

codeStabilizers:ZZZ
Z

Errors Single qubit

Errorswhyx noise corrected by Z stabs

Z noise connected by X stabs



SUMMARY OF PART 3

Definitions Quantum Noise channel Kraus

RepresentationQECCondition Necessary and sufficient
KL

Stabilizer code QEC Condition

Example Repetition code
show code

Surface code
encoding one logical qubit



Part
4QUANTUM

ERROR CORRECTION FOR METROLOGY

NOISY QUANTUM CHANNEL ESTIMATION

HAMILTONIAN NOT IN KRAUS SPAN CONDITION

EXAMPLE PHASE ESTIMATION UNDER BIT FLIP NOISE

EXAMPLE ZZZ ESTIMATION UNDER SINGLE QUBIT NOISE



QUANTUM CHANNEL ESTIMATION

n1
Eo1 varepsilonavarepsilon0

c1ldots rho0

PoEo2PoPo:Sequential

Fleftparseqrightleftporight
HLsimn2

max
all par seqprotocolsEoñ simn S QL

Parallel



SINGLE CHANNEL ESTIMATION

varepsilon0leftprightsum_ikioleftprightkia

FleftSigma0rightmax_rho0Fleftleftvarepsilon0otimes1rightleftrho0rightright
CHANNEL QFI

Fleftvarepsilonthetaright4min_uthetauthetautheta1leftpartialthetaoverrightarrowkthetatimespartialthetaoverrightharpoonkthetaright4min_hleftalpharight

overrightharpoonkthetaleftbeginmatrixk10vdotskv0endmatrixrightu0leftbeginmatrixk10vdotskv0endmatrixrighthiuthetaTleftpartialthetau0rightalphaleftpartialthetaoverrightharpoonk0ihoverrightharpoonk0rightTleftpartialthetaoverrightharpoonk0ihoverrightharpoonk0right

varepsilon0
rhothetarho0

minimize over all possible Kraus representation minimize over all Hermitian h



MULTI CHANNEL ESTIMATION

SQL HL

F
I
n
par leq4min_hleftleftalpharightxleftbetaright2mleftn1rightright

Fnleftseqrightleq4min_hleftleftalpharightxleftbetarightleftleftbetaright2Jleftalpharightrightmleftn1rightright

alphaleftpartialooverrightharpoonk0ihoverrightharpoonk0righttleftpartialooverrightharpoonk0ihoverrightharpoonk0rightbetaioverrightharpoonk0leftpartial0overrightharpoonkoihoverrightharpoonkthetarightioverrightharpoonk0leftpartial0overrightharpoonk0rightoverrightharpoonk0hoverrightharpoonkthetaH0overrightharpoonk0hoverrightharpoonk0
Hamiltonian

existsh beta0RightarrowFn
ParequivFn seq leqOleftxright

HO E span K if Ki 0 vi j Hamiltonian in Kraus span



THEOREM STATEMENT

7 parallel or sequential strategy Sit

par or FleftsqrightThetaleftn2right

IF ANK ONLY

IFtheHNKS condition is satisfied

Hamiltonian not in Kraus spanConditionHO
E span K i

leftharpoondown

o
1
kj.io vi j

HNKS

If HNKS violated F1ar seq OleftnrightleftSQLright



SUFFICIENCY QEC PROTOCOL

QEC condition PKi
t
ok oP proptop big

Goal Find a QEC code P sit

I fc

PKithetaKjthetaPproptoP
pHOP backslashP

Recovery R sit

rhoodORcircvarepsilonodoleftrhorightrhooileftPH0rhorho0rightdthetaOleftdtheta2right

Assume PKi K PlambdaijdeltaijP which canbe achieved changing the Kraus rep

Then let KiPsqrtxiUiP PiUiPUiRsum_iUiPileftcdotrightPiUisum_iPUileftcdotrightUiP

varepsilon0doleftprightvarepsilon0leftprightleftsum_ileftpartialthetakithetarightrhokappaithetasum_ikithetarholeftpartialthetakithetarightrightdthetaOleftleftdthetaright2right



SUFFICIENCY QEC PROTOCOL CONT'D

RoEolp rho due to the QEC condition

pPpPPp

Rvarepsilonc 1 do leftprightSigma0leftprightleftsum_iPcupileftpartialthetaKithetarightrhoPKiUiPhcrightdthetaOleftdtheta2right

leftsum_iPcupileftpartialthetaKithetarightrhoPUidoverlinelambdaiUiPhcrightdthetaOleftdtheta2right

leftsum_iPuidoverlinelambdaileftpartialthetakithetarightrhoPhcrightdthetaOleftdtheta2right

leftsum_iPKileftpartialthetaKithetarightrhoPhcrightdthetaOleftdtheta2rightiHtheta
PileftHoprightPdthetaOleftdtheta2rightileftpHopprightdoOleftdo2rightHLnlessfracpiL



SUFFICIENCY QEC PROTOCOL CONT'D

We need to find P sit PKithetaKjthetaPproptoP
PHP proptop probe

decoding
Noiseless ancilla helps

varepsilon0fracRP
vi j

leftlangleOLKi0Kjthetaotimes1ALrightrangle0leftlangleOLKi0Kjthetaotimes1A0LrightrangleKLKi0Kjthetaotimes1AKrangleleftlangleOLHootimes1AOLrightrangleneqleftlangle1LH0otimes1A1Lrightrangle encodingnoiseless
ancilladid

sigma0

Tra lockout
Leftrightarrowpileftleftsigma0sigma1rightKi0Kj0right0forallij

T2leftleftsigma0sigma1rightH0rightneq0
sigma1TvAleftleftkxright1right

H0notin span KithetaKjtheta forallij



THEOREM STATEMENT REVISITED

7 parallel or sequential strategy Sit

1 Ipar or FleftsqrightThetaleftn2right

IF AN ONLY IF HO E span Ki 0k i 0 King 3 HNKS

NECESSITY FleqalphaOleftnrightbetaOleftn2right
h beta0LeftrightarrowHNK
SLINKSNoiseless ancilla

PKithetaKjthetaP α P Effective unitary evolution

pHOP proptop

SUFFICIENCY

P sit



NOISY PHASE ESTIMATION UNDER BIT FL TP

NOISEn1a

u0 1 rho0rho0

Bit flip noise

Input state rangleleft0111ranglerightsqrt2
Q FI 0111 if no control

HNKS SigmathetaDcircUtheta beginmatrixk1d1peizthetak2sqrtptimeseizthetaendmatrix
Hamiltonian Hik1partialthetak1ik2partialthetak2k1k1cdotzk2k2cdotzz

HNKS satisfied I 1LachievableKransspan span leftIXright
For dephasing noise however zin span left1ZrightX HNKS violated HL not achievable



NOISY PHASE ESTIMATION UNDER BIT FL TP
NOISES

1

p0u0rightarrowRldotsRu0nD rho0
A

spddot

QEC is possible using noiseless ancilla

Repetition code is sufficient

leftocrightleftoSrightoArangle leftCranglerightSArangle

P1100left01left11rightrangle11right No enronDetection
bit flip eurion on S

P2101x011110x101U1IotimesIU2XotimesICorrection RcircleftleftDotimesU0rightotimes1Aright U aotimes 11 ct

in the code subspace



NOISY PHASE ESTIMATION UNDER BIT FL TP NOISE

n qubit GHZ state Bit flip noise

FI 4n2 as in the noiseless case
u0 Dp1

QEC interpretation with caveat

Repetition Code

10710007112711 1

QEC condition

Errors xt1ldotsotimesxtn11leqldotsleftlfloor1n1geq2rightrfloor
We want leftlangle0ldots0kikj1ldotsrightrangle0

leftlangle0ldots0xs1otimesldotsxsn1ldots1rightrangle0 if weight leftsrightleqn1

We can tolerate Ln 1 21 numberof bit flip noises
The probalityof getting 4 1 2 number of noises

is exponentially small in n when p12

u02 Dp
rho0rho0

n0 Dphslash



ZZZ INTERACTION UNDER SINGLE QUBIT
NOISE212273

U4expleftiHthetaright

Hsum_jkZiotimesZjotimesZk ijk distincti m322

Zit Zk

lijk leftbeginmatrixm3endmatrixrightbeginmatrixmleftm1rightleftm2right6endmatrix
Dleftcdotrightsum_ipixxileftrightxi
overlinezpiYYi1Yi

frac12

code

blocknotii d

worsehighest
excitedstategroundstate

ipizzi1zi

10 0 11 1

5
Noiseless case Use

GHZ:zitiZ1 leftlangle0ldots0rangleright0ldots0rangle i EZ 12K1 leftldotsright 111 1

QFI4cdotleftbeginmatrixm3endmatrixright2cdotn2



ZZZ INTERACTION UNDER SINGLE QUBIT
NOISE212273

U4expleftiHthetaright

Hsum_jkZiotimesZjotimesZk a ijk distincti m322

Zit Zk

lijk leftbeginmatrixm3endmatrixrightbeginmatrixmleftm1rightleftm2right6endmatrix code block

Noisy case left10ldots0right beginmatrix11ldots17endmatrix is not a good QEC code

e g x 0 leftz1right0ldots0rangleneqleftlangleleftldotsrightz11ldotsrightrangle

Use generalized show

codeCodewords

left0ldots0ranglepm11ldots1rangleright
3

sqrt21000ranglepm1111rangleotimes3sqrt2

Shor codeItr
trtr

1 R R R

generalized show code



ZZZ INTERACTION UNDER SINGLE QUBIT

NOISE1210
0 1 1

otimes3timeswiseleft1010ldots0pm1101ldots1rightsqrt210 07 111 1

K

sqrt2

Can correct single qubit noiseZ voice

rightharpoonuprangleK RR

m31 m2m31

QII leftldotsldotsrightleftldotsldotsrightleftldotsldotsright Logical Noice

zi

Ziz
Zizi zk

Zk

zizk
x2

single 2 noise

single Z noise

QFI 4n2cdotleftfracm3right64n2leftbeginmatrixm3endmatrixright3
oleftn2mbright

noiseless QFF

Recover noiseless QFI up to constant factor



ZZZ INTERACTION UNDER SINGLE QUBIT NOISE

Use thin surface

codeStabilizers
Z

Z Z
backslash

X Z

Any ETEi where Ei is singlequbit anti commutes with some stabilizer

Number of ZityZk that is logical operator M

zi

zj

2k

Q II Oleftn2m2rightOleftn2m6right suboptimal factor



SUMMARY OF PART 4

HNKS condition FThetaleftn2right

Necessity Channel KFI upper bounds

Sufficiency QEC protocol using noiseless ancilla

phase estimation under bit flip noise repetition code

Full recover noiseless behaviour

ZZZ interation within m qubit code blocks

Repetition code fails to achieve HL

Generalized show code recovers optimal m scaling

Thin surface code recovers suboptimal m scaling



PART 5FAULT TOLERANCE IN QUANTUM METROLOGY

PHASE ESTIMATION UNDER BIT FLIP NOISE

SETTING
MEASUREMENT

STATE PREPARATION

FULL CIRCUIT

FI CALCULATION
* Plot of Fisher information



SETTING

eithetaz CIRCUIT LEVEL NOISE

Initialization 1 7 10

Measurement left0rangle0right leftleftxrightright
Gate and idle error

utheta

1Bit flip noise

NOISE PROBABILITY Pu02

1

noñ



SINGLE QUBITINITIALIZATIONSTATEPREPARATION

rangleGoal Preparing
Singlequbit Initialization error

HadamardCNUTHancilla

probe

approxPrangle

11 0

1non constructive projection of p to pmrangle with error p
t

CNUT 1471 7 1431 3 H O 107 left17rightsqrt2
NOT 117143 113 147 coot 14 Zly H 117 107 left1rightsqrt2
NOT 103147 10314

Outcome 0 if p is 1 7 1 if p is 1 7

repeat measurement log n times error prob n0



LOGICAL STATEPREPARATIONSTATEPREPARATION

Goal Preparing 1 0 1130 sqrt2 from rangleotimesn
7223 ZZ measurement

with error p
ancillalo

in Stabilizers
probes

Zn1Znz1z2

Start with 12otimesn Measure z1z2 z2z3 ldotszn1zn Perform Correction

Output state must be logical state stabilized by xcx1x2ldotsxn

Output state must be GHz leftleft0rrightrangleleftRrightranglerightsqrt2
detector syndromechange from previous round

Bit flip error on qubits

syndrome measurement errors

cdottimescdottimescdottimescdottimescdottimescdottimescdot
backslash

f cdotcdottimescdottimescdottimescdottimescdottimescdotldotscdot
r

cdottimescdottimescdotcdottimescdotcdotcdotcdotcdotcdot
time MWPM

Decoder MinimumWeight Perfect Matching
cdottimescdottimescdottimescdottimescdottimescdottimescdotcdot

cdotxcdotxcdotxcdotxcdotxcdotxsim

spaceO log n repetitions is sufficient for ourpurposesyndromequbit



LOGICAL STATE PREPARATION CONT'DSTATE PREPARATION

Goal Preparing leftleft0rangleotimesnright1rangleotimesnrightsqrt2 from 11 on

detector syndromechange from previous round

Bit flip error on qubits

syndrome measurement errors

cdottimescdottimescdottimescdottimescdottimescdottimescdot

cdottimescdottimescdottimescdottimescdottimescdottimescdotcdot

xcdotcdotcdotcdotcdotcdotcdotxcdotcdot

xcdotxcdotxcdotxcdotxcdotxcdotcdot

cdotxcdotxcdotxcdotxcdotxcdotxsimspacertimeDecoder MinimumWeight Perfect Matching
MWPMsyndrome

left1overrightharpoonooplusoverrightharpoonbrangleleftoverrightharpoon1oplusoverrightharpoonbrightranglerightsqrt2
qubit

Magnetization n2 wt b b of bit flip errors

errors happening in the end cannot fully corrected wleftbrightsimucdotp2
simp
cdottimescdottimescdottimescdottimescdottimescdottimescdot

i
cannot distinguishsimp2

cdottimescdottimescdottimescdottimescdottimescdottimescdot



S GATESTATE PREPARATION

10otimesn11otimesn
sqrt2 left1otimesnrightileft1nrightsqrt2

Perform S gate
beginmatrix100iendmatrix randomly on a single qubit

t1 Reason Assume no error when a0

Before S gate p even cos2left2nthetarightapprox1fleftodtrightsin2left2nthetarightapprox0

After S gate peeren 1sinleft2nthetaright2approxnicefrac12Pleftoddright1sinleft2nthetaright22
We want a balanced probability distribution which is more robust against measurementnoise



MEASUREMENT NOISE PLOT OF FI

Non destructive X measurement repeat 0 logn times On all qubits

HadamardCNUTHancilla

probe

approxPrangle

11 0

1non constructive projection of P to II with error up
t

FI Plots

22below

thresholdabove threshold



SUMMARY OF PART 5

FT protocol for achieving the HL inphase estimation under bit flip noise

Robust state preparation Repeated Stabilizer Measurements Threshold

Robust measurement Repeated Non destructive measurements

S gate manipulation
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